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The fact that a magnetic field in a fermion system breaks the spherical symmetry suggest
that the intrinsic geometry of this system is axisymmetric rather than spherical. In this
work we analyze the impact of anisotropic pressures, due to the presence of a magnetic field,
in the structure equations of a magnetized quark star. We assume a cylindrical metric and
an anisotropic energy momentum tensor for the source. We found that there is a maximum
magnetic field that the star can sustain, closely related to the violation of the virial relations.
2I. INTRODUCTION
The presence of huge magnetic fields in compact objects (CO) is an established fact. Typical
measured surface magnetic fields are about 1012 G, although in the case of the magnetar subclass
they can be as high as 1015 G [1]. However, there are no observations capable of measuring the
magnetic fields in the inner regions of the stars, and theoretical arguments must be used to estimate
maximum values of the field with an eye on possible modifications to the stellar tructure. Based
on scalar virial theorem [2] it can be estimated that the maximum magnetic field that a CO can
sustain as (4πR3/3)(Bmax/8π) ∼ GM2/R ⇒ Bmax ∼ 2×108(M/M⊙)(R/R⊙)−2 G, for a neutron
star whit a mass M = 1.4M⊙ and a radius R ∼ 106cm = 10−4R⊙, where M⊙ and R⊙ are the mass
and the radius of the sun respectively, we find that Bmax ∼ 1018 G. For a self–bound star a higher
maximum value inside the core Bmax ∼ 1020 G has been suggested in Ref.[3]. These numbers
suggest the idea that a realistic model of a CO must consider that matter is magnetized, and a few
attempts have been done in order to construct models that describe the microphysics magnetized
fermion systems [4, 5].
In the simplest case in which the source of the magnetic field is not addressed, i.e. fermions
in an external field case, it is quite clear that in fermion systems the former breaks the spherical
symmetry and produces an anisotropy in the pressure. Depending on its actual numerical value,
this anisotropy could induce a deformation of the CO, and eventually leads to an anisotropic
collapse of the object [6] if ultra strong magnetic fields are indeed present. The limits of the
absolute maximum field and the issue of spherical symmetry of the COs are the subjects of the
present paper.
Anisotropic systems have been studied in the context of stars, but the standard approach has
been to take spherical symmetry for granted [7, 8]. In the presence of pressure anisotropies due to
a magnetic field other symmetry choices (i.e. cylindrical symmetry) could give a more complete
description of the physics, this feature has been pointed out by several authors [9, 10]. Recently
some works dealing with the problem of axisymmetric metric [11, 12] have been presented, although
they remained within a theoretical perspective without application to actual systems.
Given these arguments, the introduction of a cylindrical symmetric metric in the Einstein equa-
tion, together with the construction of an anisotropic energy momentum tensor for the magnetized
matter seams a more “natural” choice. This anisotropic hydrostatic equilibrium equation could
shed some light about how the magnetic field affects the sphericity of the CO, and yield upper
limits for the values of the magnetic field that this objects can sustain.
3In a first approximation to investigate this problem we will use a general cylindrical symmetric
metric, whit coordinates (t, r, φ, z), following the procedures of [13] to solve Einstein equations
for an axisymmetric model of a CO to take into account the anisotropy induced by the external
magnetic field. In the presence of a constant, external magnetic field there are two main directions
in space, parallel and perpendicular to the magnetic field. One of the main approximations that
we shall make is that all the functions and variables of our model will depend on the radial (r)
variable only, so that we can simply describe the perpendicular (equatorial) direction of the CO
with respect to the magnetic field. We also consider that the magnetic field is constant and in the
z direction. This model can give information of the effects of the magnetic field in terms of the
shape (oblateness) of the CO and yield upper limits for the values of the magnetic field that this
objects can sustain. More realistic models will be studied in the future.
For the microscopic description of magnetized matter we use the results obtained in Ref. [14, 15]
for magnetized strange quark matter (MSQM) which can correspond to the composition of a strange
quark star in its self-bound version, or to the central nucleus of a hybrid neutron star if it is favored
at high pressure only. Both possibilities can be achieved by selecting different sets of the available
parameters, as discussed in Ref. [9, 10].
In section II we review the main thermodynamical properties of a magnetized quark gas used to
describe the matter inside the star. In section III we obtain the mass-radius relation for MSQM in a
standard spherical symmetry first and show the problems related to the existence of two pressures;
next Einstein equations are solved in cylindrical symmetry to obtain the structure equations that
describe the equilibrium of the stars taking into account both pressures. Finally in section V we
present the conclusions of this study.
II. MAGNETIZED FERMION SYSTEM
The thermodynamical potential for a magnetized fermion gas in the framework of the MIT Bag
Model is given by
Ωf (µf , B, T ) = −
dfefB
β

 ∞∑
l=0
∑
p4
∞∫
−∞
dp3
(2π)2
ln detG−1f (p
∗)

 , (1)
with p∗ = (ip4 − µf , 0,
√
2efBl, p
3) for l = 0, 1, 2, ...; β is the inverse absolute temperature, µf is
the fermionic chemical potential and G−1f = det[p
∗ · γ −mf ].
We label with f the electrons and u, d, s the quark flavors. After performing the Matsubara
4sum we obtain
Ωf (B,µf , T ) = −
dfefB
2π2

 ∞∑
l=0
αl
∞∫
0
dp3
(
Ef + 1
β
ln(1 + e−(Ef−µf ))(1 + e−(Ef+µf ))
) (2)
Taking the zero temperature limit (compact objects are considered highly degenerate (µ≫ T ),
therefore the thermal effects can be neglected) we can write the thermodynamic potential as a sum
of the vacuum and statistical contributions
Ωf = Ωf (B, 0, 0) + Ωf (B,µ, 0). (3)
with
Ωf (B, 0, 0) = −
efB
4π2
∞∑
l=0
∫
dp3|Ef |, (4)
where Ef =
√
p23 +m
2
f + 2|efB|l. The Ωf (B, 0, 0) is the vacuum contribution and the renormalized
form was found in [16]. In what follows we neglect it, since we are interested here in a region of
fields eB ≤ µ2 where the statistical contribution Ωf (B,µf , 0) to the physical quantities is more
important than the vacuum one.
The statistical contribution Ωf (B,µf , 0) has the form
Ωf (B,µf , 0) = −
dfefB
2π2
lmax∑
l=0
αl
∫ √µ2
f
−ε2
f
0
dp3µf
√
p23,f + ε
2
f (5)
= −dfefB
4π2
[
lmax∑
l=0
αl
(
µf pF − ε2f ln
µf + pF
εf
)]
, (6)
where lmax = [
µ2
f
−m2
f
2eB ], I[z] denotes the integer part of z, αl = 2 − δl0 is the spin degeneracy of
the l- Landau level and de = 1 and du,d,s = 3 are degeneracy factors. The Fermi momenta is
pF =
√
µf 2 − ε2f and the rest energy is given as
εf =
√
m2f + 2|efB|l, (7)
For degenerate magnetized strange quark matter, the number density and magnetization are
given by the expressions
Nf = −(∂Ωf/∂µf ) =
dfm
2
2π2
B
Bcf
lmax∑
l=0
αlpF , (8)
Mf = −(∂Ωf/∂B) =
dfefmf
4π2
(
lmax∑
l=0
αl
[
µfpF −
[
ε2f + 2εfCf
]
ln
µf + pF
εf
])
, (9)
5where Bcf = m
2
f/|ef | is the critical magnetic field and Cf =
B
Bc
f
l
√
2l B
Bc
f
+m2
f
.
Energy density and pressures are
ǫ = Ωf + µfNf , (10a)
P‖ = −
∑
f
Ωf , (10b)
P⊥ =
∑
f
(−Ωf −BMf ), (10c)
In order to study the matter inside the star we use the MIT Bag model, thus the equation of
state is obtained from (10a), (10b) and (10c) adding the bag (vacuum energy) parameter and the
classical magnetic energy.,
E = ε+
B2
8π
+Bbag, (11)
P‖ = P‖ −
B2
8π
−Bbag, (12)
P⊥ = P⊥ + B
2
8π
−Bbag. (13)
The stelar chemical equilibrium conditions are obtained solving the system of equations
µu + µe − µd = 0, µd − µs = 0, β equilibrium, (14a)
2Nu −Nd −Ns − 3Ne = 0, charge neutrality, (14b)
Nu +Nd +Ns − 3nB = 0 baryon number conservation. (14c)
Once the system (14) is solved, we can find the thermodynamical properties of the MSQM in
stellar equilibrium conditions and study how the magnetic field modified them.
In Fig. 1 we show the EOS of the magnetized gas, stressing the fact that when we increase
the magnetic field the anisotropy becomes relevant. An even more illustrative graphic is the
dependence of pressures on the magnetic field which we show in Fig. 2. It is noted that when the
magnetic field increases, the splitting of the pressures becomes greater, as expected. There is a
regime where the pressures are nearly equal (isotropic regime), but for fields around B ∼ 1018 G
the pressure anisotropy becomes very large. A quantitative parameter to measure the importance
of the pressure anisotropy (the splitting coefficient) can be defined as
∆ =
|P⊥ − P‖|
P (B → 0) . (15)
In the right panel of Fig. 2 we can see the dependence of this coefficient with the magnetic field.
A criterion to discriminate between isotropy and anisotropy regimes is that ∆ ≃ O(1) [3]. In our
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FIG. 1. Equations of state for magnetized strange quark matter.
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FIG. 2. Dependence of the pressures and the splitting coefficient with respect to the magnetic field.
case ∆ = 1 for a magnetic field B = 5× 1017 G, while for B = 1018 G ∆ ≃ 3.3. In our numerical
computations we will first use magnetic field values well within the isotropic region B = 1017 G,
and after that in the anisotropic region B = 1018 G to compare their effects on the star structure.
III. TOV EQUATIONS FOR MSQM
In order to set up the problem posed by the magnetized matter EoS in the study of the structure
of CO, we will analyze the usual, spherical case, solving the resulting TOV equations [17]. To find
the static structure of a relativistic spherical star the system is
Gµν ≡ Rµν −
1
2
Rgµν = 8πGT µν , (16)
7(µ, ν = 0, 1, 2, 3), using the Schwarzschild metric
ds2 = −e2νdt2 + e2λdr2 + r2dΩ2, dΩ2 = dθ2 + sin2 φdφ2, (17)
and the energy momentum tensor
T µν = (E + P )uµuν + Pgµν , (18)
we obtain the TOV equations
dM
dr
= 4πGE, (19)
dP
dr
= −G(E + P )(M + 4πPr
3)
r2 − 2rM , (20)
with boundary conditions P (R) = 0, M(0) = 0 and the EoS E → f(P ).
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FIG. 3. Mass-Radius diagram comparing the effects of taking parallel or perpendicular pressure.
When we look at the equation (20) the problem of which pressure must be used in the case of
a magnetized EoS (like the one obtained in the preceding section) arises. One option is to work
within the isotropic regime (∆ < 1) where P⊥ = P‖. However, if we want to explore the anisotropic
regime and address the maximum field issue, the problem of is unavoidable.
In Fig. 3 it is shown the mass–radius diagram for MSQM for two values of the magnetic field,
comparing the effects of both pressures in equation (20). For B = 1017 G the differences are
not visible as expected because the pressures are nearly equal and we are in the isotropic regime
(∆ = 0.03). For B = 1018 G the differences between using the perpendicular or the parallel pressure
are quite large. In this case one most establish a criterion to employ one of them or improve the
structure equations to take into account the anisotropies.
8IV. ANISOTROPIC STRUCTURE EQUATIONS
In order to improve the structure equations in presence of anisotropic pressures we propose that
a more “natural” geometry of a magnetized fermion system is an axisymmetric geometry thus, to
obtain the structure equations we start with the cylindrically symmetric metric
ds2 = −e2Φdt2 + e2Λdr2 + r2dφ2 + e2Ψdz2 (21)
where Φ, Λ, Ω, and Ψ are functions of r only.
For this metric, the nonzero Einstein tensor components are
Gtt = e
−2Λ(Ψ′′ +Ψ′2 −Ψ′Λ′ − 1
r
Λ′ +
1
r
Ψ′)
Grr = e
−2Λ(Ψ′Φ′ +
1
r
Φ′ +
1
r
Ψ′)
Gφφ = e
−2Λ(Φ′′ +Φ′2 − Φ′Λ′ +Ψ′′ +Ψ′2 −Ψ′Λ′ +Ψ′Φ′)
Gzz = e
−2Λ(Φ′′ +Φ′2 − Φ′Λ′ − 1
r
Λ′ +
1
r
Φ′)
With the energy momentum tensor for magnetized mater given by [4]
T µν =


E 0 0 0
0 P⊥ 0 0
0 0 P⊥ 0
0 0 0 P‖


, (22)
where E, P‖ and P⊥ are given by the EoS (11), (12) and (13) respectively.
From the Einstein field equations in natural units we then obtain the following four differential
equations:
4πE = −e−2Λ(Ψ′′ +Ψ′2 −Ψ′Λ′ − 1
r
Λ′ +
1
r
Ψ′)
4πP⊥ = e
−2Λ(Ψ′Φ′ +
1
r
Φ′ +
1
r
Ψ′)
4πP⊥ = e
−2Λ(Φ′′ +Φ′2 − Φ′Λ′ +Ψ′′ +Ψ′2 −Ψ′Λ′ +Ψ′Φ′)
4πP‖ = e
−2Λ(Φ′′ +Φ′2 − Φ′Λ′ − 1
r
Λ′ +
1
r
Φ′)
Performing some algebra with the previous system of equations, and using the energy momentum
9conservation (T µν;µ) we finally obtain
P ′⊥ = −Φ′(E + P⊥)−Ψ′(P⊥ − P‖) (23a)
4πe2Λ(E + P‖ + 2P⊥) = Φ
′′ +Φ′(Ψ′ +Φ′ − Λ′) + Φ
′
r
(23b)
4πe2Λ(E + P‖ − 2P⊥) = −Ψ′′ −Ψ′(Ψ′ +Φ′ − Λ′)−
Ψ′
r
(23c)
4πe2Λ(P‖ − E) =
1
r
(Ψ′ +Φ′ − Λ′) (23d)
This form, together with the EoS E → f(P⊥), P‖ → f(E) is a system of differential equations
in the variables
P⊥, P‖, E, Φ, Λ, Ψ, (24)
Since the differential equations involve factors of 1/r , we will start with a power series expan-
sions of P⊥, Φ, Ψ, and Λ around r = 0 to find initial conditions suitable for numerical calculations
P⊥ = P⊥0 + P⊥1r, (25)
Λ = Λ0 +Λ1r, (26)
Φ = Φ0 +Φ1r +Φ2r
2, (27)
Ψ = Ψ0 +Ψ1r +Ψ2r
2. (28)
We take also Ψ = Φ = Λ = 0 at r = 0 so that the corresponding metric coefficients are equal to
1 at that point and Ψ′ = Φ′ = 0 to select smooth solutions on the z-axis.
By substitution of these conditions in the system of differential equations we find
P⊥(0) = P⊥0 (29a)
Λ(0) = 0 (29b)
Φ(0) =
1
2
(P‖0 + 2P⊥0 + E0)(r
2
0 − 2r0) (29c)
Ψ(0) =
1
2
(−P‖0 + 2P⊥0 − E0)(r20 − 2r0) (29d)
Φ′(0) = 0 (29e)
Ψ′(0) = 0 (29f)
And we also impose
P⊥(R⊥) = 0
which determines the radius of the star, in the equatorial (perpendicular) direction.
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The solutions of the system of equations (23) with initial conditions (29) are shown in Fig. 4.
In the left panel of Fig. 4 the behavior of the metric coefficients is shown for two values of the
magnetic field, as we can note, the increase of the magnetic field produces an increase of the star
radius in the perpendicular direction. In the right panel of Fig. 4 the pressures inside the star are
depicted for a selected central density. All this quantities present a regular physical behavior.
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FIG. 4. Metric coefficients and pressures inside the star for two values of the magnetic field.
As we have pointed out, by hypothesis all our variables depend just on the perpendicular radial
direction. Therefore, we can not simply compute total quantities such as the mass radius diagram
like Fig. 3 in the case of spherical symmetry. Instead we will compute the Tolman [18] generalization
for the the mass per unit length of a source
MT =
∫ √−g(T 00 − T 11 − T 22 − T 33 )dV (30)
for the cylindric metric (21) we have
MT =
∫
reΦ+Ψ+Λ(E − 2P⊥ − P‖)dV (31)
=
∫ 2pi
0
∫ R‖
−R‖
∫ R⊥
0
reΦ+Ψ+Λ(E − 2P⊥ − P‖)dφ dz dr (32)
= 4πR‖
∫ R⊥
0
reΦ+Ψ+Λ(E − 2P⊥ − P‖)dr (33)
Therefore, we can not compute the mass of the star but rather the mass per unit length (MT /R‖)
MT
R‖
= 4π
∫ R⊥
0
reΦ+Ψ+Λ(ǫ− 2P⊥ − P‖)dr (34)
In Fig. 5 the mass per unit length versus perpendicular radius is shown. When the magnetic
field increases, the perpendicular radius and the mass per unit length of the star also increase. It
is found that there is a maximum field (B ≃ 1.8 × 1018 G) beyond which the metric coefficients
11
exhibit a divergent behavior, this value of the magnetic field almost coincides with the threshold
for which the pressure difference has become important, and results B = 1.8× 1018 G, (for which
∆ = 10.5). Therefore, we interpret that no stable solutions of the system are possible beyond this
point and this signals the end of the theoretical stellar sequences within the adopted assumptions.
Even though within our model we can not compute the mass radius relation the information given
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FIG. 5. Mass per unit parallel length (M/R‖) in solar mases, versus perpendicular radius. As the magnetic
field increases the perpendicular radius increases up to a critical field. The curves are organized in order of
increasing values of the magnetic fields: B = 1017 G, B = 1018 G, B = 1.5× 1018 G and B = 1.7× 1018 G.
in Fig. 5 its important to constrain the maximum magnetic field allowed for magnetized CO.
V. CONCLUSIONS
We have pointed out and worked on the problem of anisotropic pressures in the description of
the structure of a CO in this paper. The suggestion is that when the splitting coefficient of the
pressures ∆ becomes > 1, the differences in the pressures can not be neglected and a different
approach must be used to study the structure of the star.
Our work consisted in taking a different symmetry as a starting point for the description of the
structure of the star. The magnetic field fixes a preferred direction in space, for this reason we
consider that an axisymmetric geometry is more “natural” in a magnetized system. By adopting
a cylindrical symmetric metric we have solved Einstein equations and found the mass per unit
length. We have obtained a regular behavior of the metric coefficients inside the star and a
physically consistent dependence of the pressures with the radii.
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Taking into account the pressure anisotropy due to a magnetic field leads to higher maximum
masses in the theoretical stellar sequences, and to the existence of a critical field (Bc ∼ 1.8× 1018
G) beyond which there are no equilibrium configurations. This critical field is essentially (up to a
small factor) the one obtained based on the scalar virial theorem fulfillment Bmax ∼ 1018 G.
Our main simplification in this model is that we have taken that all the variables as being
dependent just on the perpendicular (equatorial) radius, this allowed us to have a more tractable
system of differential equations, although as a result we can not compute accurately the physical
quantities unless the dependence with both (r, z) of the variables of the problem is kept. Neverthe-
less,the model confirms the intuitive idea of the existence of a maximum magnetic field for which
the star may undergo an anisotropic collapse due to a magnetic instability. We conjecture that
a more accurate scheme should render slightly different values, but the same qualitative behavior
found above.
Our model has been applied [19] to obtain the onset of the instability for magnetic white dwarfs,
recently considered in several papers [20].
ACKNOWLEDGMENTS
The authors thanks to H. Quevedo, R. Picanc¸o, D. A. Fogac¸a, B. Franzon and J. Rueda for
fruitful comments and discussions. The work of A.P.M. and D.M.P. have been supported under the
grant CB0407 and the ICTP Office of External Activities through NET-35. D. M. P acknowledg-
ment the fellowship CLAF-ICTP and also thanks to IAG-USP for the hospitality. J.E.H. wishes
to thank the financial support of the CNPq and FAPESP Agencies (Brazil). A.P.M thanks the
hospitality and support of the International Center for Relativistic Astrophysics Network, specially
to Prof Remo Ruffini where this paper has been finished.
[1] P. M. Woods and C. Thompson, Soft gamma repeaters and anomalous X-ray pulsars: magnetar candi-
dates, pages 547–586, 2006.
[2] D. Lai and S. L. Shapiro, Cold equation of state in a strong magnetic field - Effects of inverse beta-decay,
ApJ, 383:745–751, 1991, doi:10.1086/170831.
[3] E. J. Ferrer, V. de La Incera, J. P. Keith, I. Portillo, and P. L. Springsteen, Equation of state of a dense
and magnetized fermion system, Phys. Rev. C, 82(6):065802, 2010, doi:10.1103/PhysRevC.82.065802,
1009.3521.
13
[4] R. Gonza´lez Felipe, H. J. Mosquera Cuesta, A. Pe´rez Mart´ınez, and P. Rojas, Quantum Instabil-
ity of Magnetized Stellar Objects, Chinese J. Astron. Astrophys., 5:399–411, 2005, doi:10.1088/1009-
9271/5/4/007, astro-ph/0207150;Gonza´lez Felipe A. Pe´rez Mart´ınez, H.Pe´rez Rojas, M. Orsaria 2008,
Phys Rev C 77(1), 015807.
[5] S. Chakrabarty, Quark matter in a strong magnetic field, Phys. Rev. D, 54:1306–1316, 1996, doi:
10.1103/PhysRevD.54.1306, hep-ph/9603406.
[6] A. Pe´rez Mart´ınez, H. Pe´rez Rojas, and H. J. Mosquera Cuesta, Magnetic collapse of a neutron gas: Can
magnetars indeed be formed?, European Physical Journal C, 29:111–123, 2003, doi:10.1140/epjc/s2003-
01192-6, astro-ph/0303213.
[7] K. Dev and M. Gleiser, Anisotropic Stars: Exact Solutions, ArXiv Astrophysics e-prints, 2000, astro-
ph/0012265.
[8] M. K. Mak and T. Harko, Anisotropic stars in general relativity, Royal Society of London Proceedings
Series A, 459:393–408, 2003, doi:10.1098/rspa.2002.1014, gr-qc/0110103.
[9] L. Paulucci, E. J. Ferrer, V. de La Incera, and J. E. Horvath, Equation of state for the magnetic-color-
flavor-locked phase and its implications for compact star models, Phys. Rev. D, 83(4):043009, 2011,
doi:10.1103/PhysRevD.83.043009, 1010.3041.
[10] V. Dexheimer, R. Negreiros, and S. Schramm, Hybrid stars in a strong magnetic field, European Physical
Journal A, 48:189, 2012, doi:10.1140/epja/i2012-12189-y, 1108.4479.
[11] L. Herrera, A. Di Prisco, J. Iba´n˜ez, and J. Ospino, Axially symmetric static sources: A
general framework and some analytical solutions, Phys. Rev. D, 87(2):024014, 2013, doi:
10.1103/PhysRevD.87.024014, 1301.2424.
[12] H. Quevedo, Multipolar Solutions, ArXiv e-prints, 2012, 1201.1608.
[13] C. S. Trendafilova and S. A. Fulling, Static solutions of Einstein’s equations with cylindrical symmetry,
European Journal of Physics, 32:1663–1677, 2011, doi:10.1088/0143-0807/32/6/020, 1101.4668.
[14] A. P. Mart´ınez, R. G. Felipe, and D. M. Paret, Mass-Radius Relation for Magnetized
Strange Quarks Stars, International Journal of Modern Physics D, 19:1511–1519, 2010, doi:
10.1142/S0218271810017378, 1001.4038.
[15] R. G. Felipe and A. P. Mart´ınez, Stability window and mass-radius relation for magnetized
strange quark stars, Journal of Physics G Nuclear Physics, 36(7):075202, 2009, doi:10.1088/0954-
3899/36/7/075202, 0812.0337.
[16] V. B. Berestetskii, E. M. Lifshits, and L. P. Pitaevskii, Quantum electrodynamics /2nd revised edition/,
Moscow Izdatel Nauka Teoreticheskaia Fizika, 4, 1980.
[17] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation, 1973.
[18] R. C. Tolman, Relativity, Thermodynamics, and Cosmology, 1934.
[19] D. Manreza Paret, H. Horvath and A. Perez Martinez in progress 2014
[20] U. Das and B. Mukhopadhyay, Physical Review Letters 110, 071102 (2013).
